Abstract-New space-time codes for 4PSK constellations, designed via a modified determinant criterion, send 2 b/s/Hz and show improved performance in quasi-static flat fading.
I. INTRODUCTION
S PACE-TIME coding provides a means for achieving diversity in fading channels by implementing redundancy at the transmitter both across space and time. This letter addresses the problem of constructing a good trellis space-time code (STC) in the setting when all transmit antennas use the same -PSK complex modulator constellation of unit average energy, and exactly bits are transmitted during each multiple-channel use, i.e., coding redundancy is distributed in space. Extensions of the construction discussed herein to non--PSK constellations are natural. Consider a system with transmit antennas and receive antennas, where fading is uncorrelated across transmit-receive antenna pairs. Let be the number of symbol epochs-per transmit antenna-required to send a codeword (a frame in [6] is complex Gaussian noise with variance per dimension. The pairwise error probability is upper bounded via [6] , where and are, respectively, the rank and the nonzero eigenvalues of . In quasi-static fading, the minimum-over all , pairs of the exponent of is the diversity gain, and the minimum over all of is the coding gain; the maximization of each is required, respectively, by the rank and determinant criteria [6] . In fast fading the role of is assumed by the minimum symbol Hamming distance, while a product distance determines the coding gain in place of the eigenvalue product [6] . The determinant criterion can be strengthened [4] , [5] by requiring that the eigenvalues of be as close to each other as possible, for any pair . This condition maximizes the product distance, given the Euclidean distance between [5] . The modified determinant criterion is applied to construct codes for space-time trellis coded modulation (STTCM), which use 4PSK constellations and send 2 b/s/Hz by encoding over two modulator symbol epochs at a time, similar to the approach taken in multidimensional trellis coded modulation [3] . The resulting codes are not in the same class of STCs with the trellis STCs discussed in [6] , [2] , [7] 1 , which is why the former can outperform the optimum codes in [7] .
II. REVIEW OF A MODIFIED DETERMINANT CRITERION
The equal eigenvalue criterion [4] , [5] states that in i.i.d. -transmit-antenna Rayleigh fading with perfect channel state information (CSI), an upper bound to the pairwise error probability is made as small as possible iff, for all pairs , the Euclidean squared distances tr are made as large as possible and the nonsquare matrices are semi-unitary-up to appropriate proportionality factors-i.e., . For suboptimal codes the main diagonal elements of the matrices should be as close as possible to tr , and the row-wise sum of the absolute values of the elements off the main diagonal should be negligible with respect to the corresponding main diagonal element.
Essentially, maximizing requires maximizing the minimum eigenvalue product over all ; here denotes the determinant. By Hadamard's theorem the eigenvalue product for some square, positive definite matrix assumes its maximum value iff is diagonal. Once is diagonalized, the product of its diagonal elements is maximized iff they are rendered equal and their sum tr is maximized (arithmetic-mean geometric-mean inequality); note that tr is the squared Euclidean distance between . To achieve a diagonal structure for one should enlarge, , the Euclidean distance between while rendering the eigenvalues of the square matrix to be equal, or as close as possible. Implicitly, diversity is maximized in quasi-static fading (rank of is ). It is the proportionality of tr to the Euclidean distance between that allows one to identify a constellation partitioning characteristic of trellis coded modulation.
In order to enforce the desirable equal singular value (ESV) structure to valid matrices it suffices to enforce it on submatrices, as follows. Suppose that divides . Let , , be viewed as block vectors, i.e., matrices whose entries are sub-matrices with elements from . Then any code matrix can be regarded as a sequence of , square sub-matrices, resulting from the unfolding of a trellis where each branch spans modulator symbol epochs, and is labeled by a valid sub-matrix. A path through the trellis is selected as a function of the current state and a block of new input symbols. The set of all matrix building blocks can be regarded as a super-constellation. If these constituent blocks have the property that the Gram matrix of any valid pairwise difference is optimal-or close to optimal-then the properties mentioned above are transferred from , to ; the Gram matrix of a square matrix is . For and 4PSK, the 16 orthogonal complex matrices discussed by Alamouti [1] do have the aforementioned ESV structure (optimal) for pairwise differences. However, in order to achieve the desired b/s/Hz, one must have enough constituent matrices in the super-constellation; this requires augmenting the optimal matrix set-e.g., by a reflection of itself, see Table I -to the effect that some codematrix pairs in the augmented set will not obey the ESV structure. The design goal becomes insuring that difference code matrices pertaining to an error event path (EEP) of length transitions ( modulator symbols) be optimal for as large as possible, and as close to optimal as feasible for . Alamouti's transmit diversity scheme [1] for transmit antennas could be employed by appending, to some encoder's output, a mapper from coded symbols to constellation points, followed by a space-time block code which maps two consecutive complex symbols into (or alternatively ). This provides only diversity gain and is not the approach taken herein. It is worth realizing that, in additive white Gaussian noise (AWGN), Alamouti's scheme with 4PSK, , , has the same bit error probability as uncoded 4PSK. In subsequent plots, Alamouti's scheme serves as a diversity-two reference with no coding gain.
III. NEW SPACE-TIME TRELLIS CODES
For , , a TCM scheme with states, where each trellis transition covers two symbols, can be obtained naturally by constructing a super-constellation ; points in are (a 4PSK constellation), chosen so as to facilitate the existence of the structure discussed above; there must be enough points in to allow the transmission of 2 bits per channel use. Table I shows 32 matrices , , whose 4-ary entries represent indices of complex points , given by (1) Each defines the 4PSK symbols to be sent over the transmit antennas, during two consecutive symbol epochs. The squared Euclidean distance between and is tr . For all , , has equal eigenvalues, from the set ; the same holds for all , . Also, for all , , does not have equal eigenvalues, but tr . is first partitioned in two halves (index sets and ), then each half is partitioned based on the eigenvalues of various ; e.g., for the 8-state code, the set , can be partitioned in four cosets , , such that the minimum eigenvalue in each coset is four (minimum Euclidean distance squared is eight). The different cosets are shown in Table I , vs. ; coset elements are distinguished via uncoded bits, as shown in Table I (below coset symbols). Finally, transitions from even and odd states use only matrices from first and second half, respectively; e.g., in the 8-state case, only , , are used in transitions from even states, and only , , are used from odd states. Thereby, the minimum Euclidean distance between any two branches leaving (reaching) a given state is maximized, and has equal eigenvalues for any corresponding to EEP's of length (i.e., up to four 4PSK symbols). As the maximum symbol Hamming distance between any two parallel transitions is 2, the diversity order remains 2 in rapid fading [6] , despite parallel transitions.
The coset selecting mapping (coded bits to binary coset labels) was selected to yield noncatastrophic, nonrecursive convolutional coset selecting codes; of several choices found by hand, one is listed in Table II . The coset selector is described in terms of a matrix , of the same type with the matrices used to report the results in [7] , [2] . An exhaustive search was not carried out.
For 130 symbol frames, at equal spectral efficiency in quasistatic flat fading with perfect CSI, Figs. 1 and 2 compare the average frame error probability of the new STTCM codes, several other trellis STCs [6] , [2] , [7] of correspondingly equal complexity, and Alamouti's scheme. Complexity is indicated by the product between the number of states and the number of transitions emerging from each state, normalized to one modulator symbol epoch; e.g., since each transition in the new, 8-state STTCM code spans two symbol epochs, and 16 transitions (including parallel ones) emerge from any state, complexity is -equal to that of Tarokh's 16-state trellis STC. Fig. 3 compares the new 8-state STTCM code with the same trellis STCs from [6] , [2] , [7] , for receive antennas. When receive diversity is present, the new STTCM code underperforms the optimum trellis STC from [7] (by less than 0.3 dB) and is better than the other STCs. The distance spectrum of the new STTCM code was not optimized beyond insuring that all length-two EEP's obey the ESV criterion.
IV. CONCLUSIONS
New 2 b/s/Hz STCs for two transmit antennas and 4PSK constellations show improved performance in quasi-static flat fading with no receive diversity.
